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INTRODUCTION 
The Steiner problem is to find a shortest network (tree) 5’ in the plane 
R2 connecting a given set X of n points. There is an algorithm due to 
Melzak [6] for finding such an S, however, determining S has been shown 
to be an NP-complete problem [3]. Let T be a shortest tree connecting the 
points of X and with vertices only at these points. T is called a minimal 
spanning tree and there is a well-known algorithm due to Prim [8] and 
Kruskal [S] for finding T in polynomial time. Let L, and L, denote the 
lengths of S and T, respectively, and let p = L,/L,. p is called the Steiner 
ratio. Gilbert and Pollak [4] conjectured that p > J?l2 and this has been 
shown to be true for n = 3 [4], 4 [7,2], and 5 [l]. In [9] new proofs for 
the cases n = 3, 4, and 5 are given using a technique from variational 
calculus. 
In this paper we prove the Steiner ratio conjecture for six points. we use 
the variational approach discussed in detail in [9]. In Section 1 we give a 
brief discussion of the variational technique and pose the Steiner ratio con- 
jecture as a problem of variations. In Section 2 we give some useful general 
variations and discuss decomposition. In Section 3 we give a proof of the 
Steiner ratio conjecture for six points. 
1. A VARIATIONAL APPROACH TO THE STEINER RATIO 
To solve the Steiner ratio conjecture it suftices to look at the case when 
S is a &II Steiner tree, that is has 2n - 2 vertices (cf. [4]). In this case n of 
the vertices are points of X and the other y1- 2 vertices have three incident 
edges meeting at 120” angles. The latter are called Steiner vertices. 
A choice of S is often called a topology. It is easy to check that we can 
parametrize the configuration X by the lengths ( yr, yZ, . . . . yZne3) of the 
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2n - 3 edges of S. This corresponds to the fact that rigid motions (trans- 
lations, rotations, and reflections) of the plane reduce the number of 
co-ordinates (degrees of freedom) of the configuration by 3. Also by a 
homothety (change of scale) it can be assumed, if convenient, that 
C:“=; 3 yi = 1. Consequently the configuration space 
2n-3 
d = (Y = (Ul, Y2, .*., YZn-3): c Y,=l> yia” for all i) 
i=l 
is a (2n -4)-dimensional simplex and is compact. 
Our objective is to study the behaviour of the Steiner ratio p on d. The 
Steiner ratio conjecture is equivalent to showing p > A/2 on A for all 
choices of topology for S. Let T, T2, . . . . Tk be all possible spanning trees for 
X. For the remainder of the paper we will fix the topology of S. Then 
p = L,/min L, is continuous and Ghteaux differentiable, i.e., possesses a 
differential Dp(v) in the direction of any vector v at Y. (Y is usually clear 
from the context.) In fact 
where j is chosen so that L?=min(L,,, L,, . . . . LTk) for all points Y+ ha, 
for h sufficiently small. In other words, Tj is the minimal spanning tree with 
length decreasing fastest (or increasing slowest) in the direction of z) at Y. 
Dp(v) is continuous in Y and u. 
A critical point for p is a point Y for which Q(v)>0 for all a. This 
is a necessary condition for a local minimum for p. It can be shown 
[9, Lemma 11 that 
WV) = (LIwuLIL- Ph 
where 1, = DL,(v), t, = DL,(u). As a corollary [9, Corollary I], if 
t,<O (&>O), then Q(u)>0 is equivalent to i,/I&<p (t,/&>,p, 
respectively). 
Thus suppose some configuration existed for which p < $/2, corre- 
sponding to a point Y in d. Our aim is to find a vector v at Y for which 
t, < 0 but i,/~?, > ,/?/Z > p. This establishes that Y is not a minimum for 
p. However, some minimum must exist in d and this gives a contradiction. 
2. USEFUL TECHNIQUES AND GENERAL VARIATIONS 
In this section we discuss some useful results for variational analysis. In 
[9, Lemma 31 it is shown that two minimal spanning trees T, and T2 for 
any configuration X can never cross; that is, edges meet only at vertices. As 
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a corollary [9, Corollary 21 if we suppose X is a configuration for which 
p achieves a minimum less than ,,/?/2, then the union of all the minimal 
spanning trees for X gives an embedded graph r with no free edges (see 
G.V. 2 below) where a vertex belongs to just one edge. Consequently, r 
divides the plane into a collection of compact polygonal regions and one 
non-compact outside region. We call the boundaries of the compact 
polygonal regions of R2 - r the polygons of lY Also the boundary of the 
non-compact region of R2 - r is defined as the boundary of r and is 
denoted dr. Finally we call the configuration X simple if dT is a simple 
closed curve containing all the points of X. In [9, Lemma 43 it is proved 
that every polygon of r has at least two equal longest edges. 
A useful technique in analysing the six-point case is “decomposition.” 
That is we decompose r and S into polygons, e.g., triangles and quadri- 
laterals. 
A valuable observation for certain three-point configurations is that one 
can use a spanning tree, not necessarily minimal, for the ratio conjecture. 
These configurations are described in Lemma 1. 
LEMMA 1. If f bounds an angle 6 at least 60” (cJ Fig. 1) then L,/Lf> 
$12, regardless of whether f is a minimal spanning tree or not. In Fig. 1, 
p has edges AB and BC. 
FIG. 1. If F bounds an angle 0 of at least 60” then L,/Lf> ,,/'?/2. 
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c 
FIG. 2. If angle C is at least 60”, LS(E + q) > ,,/?/2. 
LEMMA 2. Suppose r contains a triangle and S intersects the boundary of 
the triangle at one vertex B and two sides (cf Fig. 2). We also assume S has 
a single Steiner point inside the triangle and 3 is the part of S inside triangle 
ABC. Let angle C be at least 60”. Then Ls/(&-i-q)>&2. 
Proof. Now 8 < 30”. By Melzak’s construction, the length of 
L? > E cos 30” + q cos 8 > (E + q) &2. That is, Ls/(E + q) > a//2. 
B y, 
FIG. 3. Ls/(a + fi + yi) > G/2, where yi is chosen so that the. sum of the angles at yi is at 
least 180” and the smaller of the two angles at the ends of yi, 8, lies between 60” and 120”. 
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The following lemma is useful when the decomposition of r contains a 
quadrilateral. 
LEMMA 3. Consider the quadrilateral ABCD, in r. Let S intersect ABCD 
in 3 as in Fig. 3. Then Lsl(a + B + y i) 2 $12 and we choose yi so that the 
sum of the angles at yi is at least 180” and the smaller of the two angles, 8 
(see Fig. 4) is such that 60” d B < 120”. 
ProoJ Let the sum of the angles at y1 be at least 180” (yZ similar). 
Using Melzak’s construction, Ls = a + b + c. Now a > a cos 30”, 
c > /? cos 30”. We show b 2 y1 cos 30”. Let 8 be the smaller of the two 
angles at either end of y 1. 
If 8 is obtuse, drop a perpendicular onto the line through B, parallel to 
AD. Then b 2 y1 cos(0 - 90”) 2 y1 cos 30” (cf. Fig. 4( 1)). So L&U +/I + yl) 
>, ,/jiz. 
If f3 is acute, we drop the perpendicular as in Fig. 4(2) and still have 
b 3 y1 cos 30”. 
Note. Ls/(a + p + yi) = d/2 only if b = y1 cos(0 - 90’). This forces BC 
parallel to AD and the smaller angle, 8, to be 60”. This is useful in the 
proof of Theorem 1 in order to show i,/&- is strictly greater than $/2 
when the configuration has six distinct points. 
COROLLARY 1. Suppose the decomposition of r contains a quadrilateral 
ABCD and S intersects ABCD in ,f?. Let the angles A, B, C, D be at least 
FIG. 4. The two cases where 8 is acute or 6 is obtuse are shown. 
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FIG. 5. Let the angles A, B, C, D be at least 60”. Then L.& + p + y? > ,/?/2, where yi is 
chosen so that the sum of the angles at yi > 180”. 
60”. Then Lg/(a + p + yi) > 412, w h ere a, fi, and. yi are as in Fig. 5 and we 
choose yi so that the sum of the angles at yi> 180”. 
Some General Variations 
All variations in this paper are unit variations. 
/ 
el 
FIG. 6. The variation o is orthogonal to the edge e,. If 60” =G6’< 120”, i,/i$aa/2. 
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(G.V. 1) By the variation “shrink at a vertex” we shall mean a varia- 
tion along the Steiner edge. By a “total shrink” we shall mean a variation 
at each vertex along the Steiner edge ending at the vertex. 
(G.V. 2) As in [9] we suppose in the configuration X, there is a 
“free” point xi, namely xi belongs to only one edge amongst all the mini- 
mal spanning trees Ti, . . . . Tk for $5 Then this can never be a configuration 
for which p is a minimum. The vector v is chosen so that xi moves in along 
the edge of the Steiner tree ,ending at xi, and all other points of X remain 
fixed. This reduces p. 
(G.V. 3) As in [9] assume a point xi belongs to exactly two edges, 
say e, and e,, of all the minimal spanning trees for X. If e is the edge of 
the minimal Steiner tree S, we suppose that the angle 8 between say e, and 
e satisfies 60” 6 0 d 120” (cf. Fig. 6). 
In this case we perform an “orthogonal variation” at xi. Choose v so that 
v is perpendicular to e1 and the angle between v and e is 90 - 8. We com- 
pute that i, d - a/2, since - 30” < 90” - 0 < 30”, and no other points of 
X are moved. Also i,> -1 because the contribution of e, is zero. Hence 
ts/&> &/2 and this configuration cannot give a minimum value for p 
below J5/2. 
In the diagram the edges of r and S are labelled with their minimum 
possible contributions to &. and i,. 
(G.V. 4) Suppose r contains a triangle. Such a triangle is always 
isosceles or equilateral. If irregular, the longest side would be in no span- 
x 
FIG. 7. A shrink along the Steiner edge at x gives iS/iT> 1. 
STEINER RATIO CONJECTURE 61 
ning tree. The equal sides are longer than the unequal side, otherwise the 
unequal side would be in no T if it were long. The equal (long) sides can 
never be at a vertex with no other edges of T. Otherwise a shrink of S at 
that vertex applies. In fact, every polygon of r has at least two equal 
longest edges [9, Lemma 41. Suppose r contains two isosceies triangles. If 
the angle at x (cf. Fig. 7) is less than 60”, each of the isosceles triangles 
would have long sides as indicated. Then a shrink at x gives is/,!&= 
l/cos 8 > 1, where 0 is the angle between S and the closest of the long sides. 
3. THE RATIO CONJECTURE FOR SIX POINTS 
THEOREM 1. 
P=& 
The ratio conjecture p >fi/2 is true for six points. Also 
is achieved only when the points lie at the vertices of one or two 
equilateral triangles. 
FIG. 8. There are three possible full Steiner trees on six vertices, Cases I, II, II. 
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ProojI 
Jl 
As in [9] we show that if all points are distinct then Ls/,&> 
3 2 for a suitable choice of variation. We then can deduce, as described 
in Section 1 above, that a configuration for which p < fi/2 is not a mini- 
mum for p. In the case where n = 6, there are three possible full Steiner 
trees as drawn in Fig. 8. 
The number of configurations to be considered for the six-point ratio 
conjecture can be tackled by taking each topology separately and then 
considering r as having no, one, two, or three diagonals. A diagonal is an 
edge of the minimal tree not of the form xixi+ r, 1 < i 6 5, or x1x6. 
This approach lists the cases and, of course, one then reduces it by taking 
symmetry into consideration. 
Step 1. The “30” variation.” One particular variation which we call 
the “30” variation” proves remarkably powerful. We give examples of 
configurations where it can be used. 
EXAMPLE 1. In Figure 9 note that we do not perform any variation at 
x2, where all the diagonals meet. We aim to ensure all the edges of r con- 
tribute at worst - 1 to i.T. Here the edges contribute - 1 because either a 
variation is performed at only one end of the edge or because the sum of 
the angles between the edge and the variation at both ends is 120”. Now 
i’s/ir> (5 cos 30)/5 = 5(J3/2)/5. In fact, we can do better and show 
is/&-> $12. We perturb each variation by small 0 as indicated in 
Fig. 10. 
FIG. 9. If all the diagonals meet at a vertex x2, perform a variation of 30” to the Steiner 
edges at x1, xg, x4, x5, x6. This is a Case I topology. 
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FIG. 10. Perturb the “30” variation” shown in Fig. 9. 
Note that -t, is still 5, but adding the contributions to -i, anticlock- 
wise from x1 to x3 we have 
-L,=co~(30-e)+ ~0~(30+8)+~0~(30-8)+~0~(30-8)+~0~(30+e). 
Differentiating we have 3 sin(30 - 0) - 2 cos(30 + 8) which is greater than 0 
for 8 =0 and, hence, positive for 8 small enough by continuity. Thus we 
have increased -i, and LS/i,> 312. 
Xl 
x3 
x5 xii 
FIG. 11. A variation of 30” at xj, x4, x5, and x6 together with a shrink at x2 is chosen 
for this “zig-zag” configuration. 
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FIG. 12. The “30” variation” with a perturbation is used on this “zig-zag” configuration 
with a Case II topology. 
The proof in this example covers all the configurations where the 
diagonals meet at a vertex regardless of the topology. In fact it covers the 
cases where we have no diagonal, one diagonal, and two or three diagonals 
meeting at a point. 
We have many cases where this variation works for three diagonals not 
Xb 
-1 
X6 x5 
FIG. 13. For completeness we consider a configuration with the topology Case III, and do 
the “30” variation” as indicated. 
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necessarily meeting at a, point; i.e., we have two disjoint diagonals, perhaps 
with a third diagonal forming a “zig zag.” 
EXAMPLE 2. In Fig. 11 we could choose 30” variations everywhere 
except at x1, say, to obtain t,,Ji,>&2. However, we have some 
flexibility and choose a variation along the edge of S at x2 giving 
FIG. 14. The cases (1) to (8) cannot be dealt with by the variations shown in Fig. 9 to 13. 
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x5 
(4) 
FIG. lb--Continued 
iSI&-> &/2. A similar argument works for diagonal x3x6 instead of 
diagonal x1x4. The “30” variation” may also be used for the configuration 
with r containing diagonals x1x5, x1x4, and x2x4, but not the other cases 
which are tackled below. Again note that if the proof works for r containing 
a set of diagonals it will work for r containing a subset of the diagonals. 
Suppose we look at the Case II topology. 
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(6) x4 
FIG. 14-Continued 
EXAMPLE 3. The configuration in Fig. 12 is dealt with in the same way 
as in Example 1. We note that careful choice of 30” variations at either end 
of diagonal xlxg ensure a contribution at worst equal to - 1 of x1x5 to LT. 
We have k,/t,> 5(&2)/5 and we perturb the variations by small 6 to 
obtain L,,/L, > Js/Z. 
Similarly we can do the case where we have diagonal x2x3 instead of 
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X6 
(8) 
FIG. 14-Continued 
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x1x4. By symmetry this covers the case of diagonals x1x3, x4x6 and the 
diagonals joining them-x6x, or x1x4. Again it also does the cases 
containing a subset of each set of diagonals. 
EXAMPLE 4. For completeness we consider the topology-Case III. We 
do the variation indicated in Fig. 13 for this particular configuration. We 
note the direction of the variation at xX is carefully chosen so that x5x3 
contributes at worst - 1 to &.. The sum of the angles between the varia- 
tions and the edge at either end of x3x5 is 120”. Again l!,,/i$> 5(,,,&/2)/5, 
and perturbing the variation slightly, as indicated, gives L,/i,> $12. By 
symmetry, Examples 1 and 4 cover all cases for topology III except for one 
(the “triangular case”) looked at below. 
Step 2. We are left to consider the following “bad” cases. For 
case (1) in Fig. 14 we would like to consider a decomposition argument at 
P and Q. By Corollary 1, since x2x5 and x3x6 are not in r, we have 
L,/L, > $12, where T, and S, have edges in quadrilateral x2x3xgxg. If 
angles x1x6x2 and x5x3x4 are at least 60” we are done by Lemma 1. If on% 
of them is less than 60” then, say, x1x* is short. Now any minimal tree 
contains x2.x or x x6. 
-6/(-5 -&) > d/2. 
Do a straight shrink and we have ASI&-> 
In case (2) using the parallel edges in S, the diagonals intersect S as 
drawn. Consider decomposing into two quadrilaterals at P. The angles 
indicated at x1 and x6 are at least 60” by a shrink at these vertices (G.V. 4). 
Now 8 < 60” or we could do an orthogonal variation here so the angle 
indicated at x2 is greater than 60”. If angle ~2~5x6 is at least 60” we can 
apply Corollary 1. If not we consider decomposing into two triangles at Q. 
If angle x,x6xz is at least 60” we apply Lemmas 1 and 2 to these triangles. 
However, if x1x2 is short, since angle xgxgx2 is greater than 60”, we can 
do a variation orthogonal to xgxg at xg where we have two long edges. We 
can argue similarly about quadrilateral x3x2xgxq. Is there a possibility that 
i,/i, = &2? By the note following Lemma 3 this would force x1 x6, 
x2x5, and x3x4 to be parallel. The smaller angle at, say, x1x2 is 60” and 
this forces triangles x,x2xg and x2x5xs to be equilateral. In fact we have 
four equilateral triangles and it is easy to show-L,/L,> G/2 in this case. 
Consider Fig. 14, case (3). Again we consider decomposition at P. The 
angles are at least 60” by shrinking at the vertices or the fact that the 
diagonals are not in P-except for angle x2x3x6 and x3x6x5. If these are 
at least, 60”, use Corollary 1. Suppose angles x2x3x6 is less than 60”. If 
x1x:! is not ,short we can decompose at P and Q by Lemmas 1 and 2. If 
x1x2 is short, we can do an orthogonal variation at x6 as ~~360”. Now 
suppose angle x3xgxg is less than 60”. If x4x5 is not’short, ‘we can decom- 
pase at P and R. If xqxg is short, then as 0 is at least 60”, we do an 
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X6 0 x5 
15. Diagonal x3x6 is shown crossing the Steiner tree at a different point from that 
in Fig. 14(3). A “total shrink” is the variation needed. 
FIG. 
chosen 
orthogonal variation at x3 as indicated. If the crossing at P is not as shown 
then the angle between x3x6 and S at x6 is less than 60”. So both x*x3 
and x5x6 are short. A total shrink gives L,/i,a 6/(2 + 2 ,,h) > fi/2 (see 
Fig. 15). 
Now in case (4) if xZxj and x5x6 are short we do a straight shrink and 
i’s/&-> 6/(2 + 2 $) > 312. Suppose x3x4 is short or triangle x2x3x4 is 
equilateral. Then certainly the angle indicated at x3 is at most 60” or we 
could do an orthogonal variation (G.V. 3) here. Now angle x3x2x4 at most 
60” means 8 is at least 60” so we do a variation orthogonal to x2x4 at x2 
to have is/i,2 &2. Note that is/LT= $12 does not occur as this 
would imply the variation is along edge x1x2 and CI is 30”. But we cannot 
have a 90” angle in an isosceles triangle with equal sides long. Similarly if 
x1x6 is short or triangle x1x5x6 is equilateral. 
Consider case (5). We suppose xix* is short. If x5x6 is short we 
do the variation indicated in Fig. 16(l) to obtain iS/&> (3 + a)/ 
(2 2/z + 2) > d/2. Hence we must consider x1x2 short and xqxg short or 
triangle xqxgxg is equilateral (see Fig. 16(2)). Now 8 is at most 60” or we 
can do an orthogonal variation at x5. Also a < 60” so a 2 60”. An . . oj$ogonal. variation at x6: indicated, gives i,li, 2 ,,&2. However, the 
3 2 case is impossible as it forces y to be zero. We conclude x1x6 is short 
or triangle x1x2x6 is equilateral. In Fig. 16(3) we have 4230” and x1x6 
contributes, at worst, --OS 30” - cos 60” = -J3/2 - l/2 to t,. Now 
m&/i,,> (2 + (312) &)I&+ l/2 + a/2 + 2 + 2 cos 75”) > J3/2. 
As diagonals x2x6 and x3x5 cross S as drawn, we consider decomposing 
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at P and Q in case (6). Now diagonals x3x6 and x2x5 are not in r so the 
angles in quadrilateral x2x3x5xg are greater than 60”. We can now apply 
Corollary 1 and the note following Lemma 3. If x1 x2 is short then x1x6 = 
x2x6. Now angle x2x6x5 greater than 60” means x6x5 makes an angle 
larger than 60” with S at x6. If this angle is less than 120” we do an 
orthogonal variation at xs or, if it is greater than or equal to 120”, we 
do a shrink at x6, noting that x5x6 makes a positive contribution to i,. 
Thus we can take angles x1x6x2 and, similarly, x3x5x4 at least 60” and 
decompose. 
FIG. 16. The configuration shown in Fig. 14(5) is considered. The various possible com- 
binations of short edges require different variations. 
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The next case is Fig.14 case (7). If x6x5 is short we are done by a 
X5 
(3) 
FIG. I6-Continued 
straight shrink and so we take 8 at least 60” and the relationship of the 
diagonals with S as indicated. We decompose r and S into two quadri- 
laterals x6x1x2x3 and xgx3xqx5 at Q. Consider quadrilateral xsx3xqx5. 
We know 8 > 60” and hence angle xgx3xq is greater than 60”. By (G.V. 4), 
the angles at xq and x5 are at least 60”. We now show angle &x6x5 is at 
least 60”. If not, x3x5 is short in triangle x,x,x,. Suppose x4xX is also 
short. Then tl greater than 60” means we can do an orthogonal variation 
as indicated. If x3x5 is short and x4x3 is not short, by Lemma 1 we can 
decompose the quadrilateral into two triangles at R as l9 and angle x3x5x4 
are both at least 60”. Now consider quadrilateral x6x1x2x3. The angles at 
xi and x2 are at least 60” by (G.V. 4). Angle x1x6x3 is also greater than 
60”, since y > 60”. Now consider angle x2x3x6. If this is at least 60” we are 
done. If not, we decompose into two triangles at P. Then angle x2x6x3 is 
at least 60”. If angle xIx6xz is less than 60” then x1xX is short so we can 
perform an orthogonal variation at x6. Thus we can decompose into two 
triangles and use Lemmas 1 and 2. The note following Lemma 3 excludes 
the possibility that is/i, equals a/2 as again we would have to have 
four equilateral triangles and here L,/L T > $12. 
Case (8) can be done as follows. Suppose x5x6 is short in triangle 
X1X5X6. If x1x2 is also short we do a straight shrink to obtain is/&2 
613 $ > fi/2. Now if x5x6 is short and x*x3 is short or triangle x2xjxl 
is equilateral then x1x3 crosses S as drawn in Fig. 17( 1). 
We do a straight shrink. The contribution to t, from x1x3 is at worst 
--OS 0” - cos 60” = -3/2; similarly, for x3x5. Doing a straight shrink we 
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FIG. 17. Various possibilities for the short edges in the configuration shown in Fig. 14(g) 
give rise to these two variations. 
have .&/i,> 6/(3 $ + 312) > $12. Now we suppose x,x6 is short or 
triangle xlxgxg is equilateral. In Fig. 17(2) we have 4 < 30” and we do the 
variation indicated. The angles are chosen by an analogous procedure to 
the perturbation method in Step 1. x1x6 contributes at worst - (cos 50” + 
cos 10”) and xgxg contributes at worst -(cos 40” +cos 110’) to LT. We 
find LJ,f,+ 3.894114.4692 > 0.87. 
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FIG. 18. The contiguration is of the same type as in Step 1 except that one outside 
is missing. We perform the variation indicated together with a small perturbation. 
edge 
Step 3. Suppose X is not simple. The cases where X has a vertex with 
only one edge from T can be done by a shrink at the vertex. The remaining 
cases can be divided into two types: the first being those with the same con- 
figurations as in Step 1 except one outside edge is missing and the second 
being those considered in Step 2 except for the missing outside edge. We 
take an example of the first type. Obviously i,/&-> 5(&2)/5 again and 
a small perturbation gives LJ&-> $/2 (Fig. 18). 
The simple cases with configurations similar to those of Step 2 above 
except for one missing edge can be done by subdividing them into two 
types: the first having an outside triangle with the Steiner edge inside the 
triangle at the free vertex (see Fig. 19(l)) and the second where a Steiner 
edge joins the free vertex from outside the triangle (see Fig. 19(2)). 
In Fig. 19, long sides are as indicated; otherwise obvious shrinks at 
vertices of these triangles (G.V. 4) give a contradiction. In Fig. (19) case (1) 
we consider the triangle with the long edges marked. In this triangle the 
relationship of the diagonal with the Steiner edges is as indicated by angle 
considerations. Perform the variation shown. We have & = 0 and, in fact, 
the length of every edge in I’ is stationary. On the other hand, by the sine 
rule e>q5 and t,= -c0s(90--8)+c0s(90-~)~0. Thus p ~0 and the 
configuration X cannot give a minimum. 
We now consider case (2). Again by shrinks at vertices of the triangle, 
the long sides are as indicated. Perform the variation v indicated, then the 
Steiner edges at x1 and x2 make acute angles with v. Again is < 0, J!,~ = 0, 
and b<O. 
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(2) 
FIG. 19. Configurations similar to those of Step 2 above, except for one missing edge, can 
be subdivided into two types, 
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APPENDIX 
The “30” variation” considerably shortens the proof used for the five- 
point ratio conjecture (see [9]). The configurations here always have all 
the diagonals meeting at a point. Suppose they meet at x1 (see Fig. 20(I)). 
We do the variation and the small perturbation indicated to obtain 
iSliT>,/?/ as in Step 1, Example 1. Similarly, if the diagonals meet at 
x39 x4, or x5. The same method does not quite work if they meet at x2. 
Instead we argue as follows. We, do the variation indicated in Fig. 20(2) to 
(2) 
FIG. 20. The ratio conjecture for five points can be proved by considering the two con- 
tigurations (1) and (2) and performing the variations shown. 
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obtain l$./LT> 4(,,/?2)/4. Now consider the triangles yx,x, and zx3x4. If, 
say, the base angles a and fi are unequal then x1x5 would contribute an 
amount greater than - 1 to &-. Also if we reduce the variation at x1 from 
30” to E just smaller than 30”, -is increases and, by continuity, x1x6 still 
contributes greater than - 1. If the base angles of these two triangles are 
exactly 30” then we consider the vertex x2. To reach x2 any minimal tree 
must contain at least one of x1x1, x2x5, x2x4, and x,x,. If the chosen edge 
contributes an amount greater than - 1 then is/L,> ,,/?/2 and we are 
done. Now suppose the edge contributes exactly - 1. If x1.x2 contributes 
- 1, angle xzxl y is 30” and so angle x2x1x5 is 60” and triangle ~1~2x5 is 
equilateral. As a and p are 30”, S is no longer full as the Steiner edge at 
xq will have length zero. If x2x5 contributes - 1, the variation at x5 must 
be along this edge making the angle between the edge and S exactly 30”. 
Again this makes triangle x1 x2 x5 equilateral. A similar argument works for 
edges ~2x3 and ~2x4. This means t,l&> .&2 always. 
Again we note that the configurations with fewer diagonals can all be 
done in a similar way and so can the cases where 5’ is no longer simple. 
The Steiner ratio conjecture for the three- and four-point cases is easily 
proved using the “30” variation.” There are no diagonals to worry about 
in the three-point case and only single diagonals in the four-point case. 
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